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“One morning, as Gregor Samsa was waking up from anxious dreams, he discovered
that in bed he had been changed into a monstrous verminous bug. He lay on his
armour-hard back and saw, as he lifted his head up a little, his brown, arched abdomen
divided up into rigid bow-like sections. From this height the blanket, just about ready
to slide off completely, could hardly stay in place. His numerous legs, pitifully thin
in comparison to the rest of his circumference, flickered helplessly before his eyes.
‘What’s happened to me,’ he thought. It was no dream” [1]. It’s hard to imagine a
more horrid awakening in the morning than this shocking picture drawn by Franz
Kafka in his 1915 novel Die Verwandlung, which made him one of the most influential
writers of the early 20th century. Beyond discussions around Kafka’s magical realism
that have animated many literature courses in college, this extraordinary fiction raises
the question of how a bug may perceive the world.

Does a Bug Think?
In their recent book From Bricks to Brains [2], Michael Dawson,1 Brian Dupuis, and
Michael Wilson try to elucidate this query, venturing into the study of insect cognition
using LEGO robots as illustrations and proofs of some interesting theses. The authors
start from the representational theory of mind, which is generally used to discriminate
human thought from animal cognition. They show examples of social insects that
challenge the Cartesian view,2 listing various ethological3 riddles, for instance, how
wasps are capable of creating their paper nests with the typical hexagonal combs.
Ants, termites, honeybees and wasps: Are they driven by a collective intelligence
that organizes the coordination of many individual agents? Is there a master plan for
the honeycomb? How does specialized labor emerge in insect colonies? Do termites
1 Michael Dawson is a Professor of Psychology at Alberta University in Canada who has a special

interest in the foundations of cognitive science.
2 Descartes considered animals to be incapable of thought, comparing them with banal automates.
3 Ethology studies animal behavior and represents an important branch of zoology.
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Figure 9.1: My grandfather capturing a honeybee swarm in the late 1920s. As an enthusiastic
apiculturist he always was convinced that “der Bien” was a superorganism.7

exhibit intelligence? Does the colony represent an intelligent superorganism? Is nest
construction governed by blind instinct?
Dawson and his colleagues provide some answers to these questions, displaying
the state of the entomologists’4 art. The superorganism hypothesis seems to be mostly
rejected in favor of a straightforward summation of surprisingly simple individual
responses to internal drives, environmental signals, and colony states, resulting in
complex emergent behaviors that may be interpreted to be mind controlled by the
human observer (see Figure 9.1). The term stigmergy, first introduced in 1959 by
French biologist Pierre-Paul Grassé (1895–1985), was forged to label the mutual stimulation of the achieved performance and the new actions in social insect colonies.
Ethology fosters the stigmergic idea by replacing the classic sense–think–act cycle
with the simpler sense–act processing. But how do the laws governing the swarm
emerge from the actions of individuals? How can the complex interactions of individual perception and action with colony configuration and environment explain the
swarm behavior [3]? A particularly interesting and challenging question concerns the
regulation of the nest temperature in the beehive. Although the individual bee is an
ectotherm,5 the colony regulates the temperature in the brood area between 33 to 36◦ C
( independent from the external temperature), suggesting that the “superorganism”
behaves as an endotherm.
4 Entomology is the scientific study of insects.
5 Ectotherm is a cold-blooded creature.
7 The ordinary word for bee in German is die Biene, which is a feminine noun. However, Johannes
Mehring (1815–1878), who was a pioneer of modern apiculture, forged the German word “der Bien,” as a
masculine noun designating the whole bee colony that underlines the idea of the superorganism [4].
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A honeycomb with typical hexagonal cells.

The mysterious internal makeup of the honeybee hive has fascinated human
observers from time immemorial. The regular honeycomb is the epitome of secrets of
nature that have ended in biomimicked technology. Claudius Aelianus (ca. 175–235)
was a Roman teacher of rhetoric who thought that bees were governed by a king
[5]. Amazed, he wrote that bees were capable of producing beautiful shapes and
elegant forms without any art education, ruler, or compasses. Pappus of Alexandria
(ca. 290–350), a great mathematician of Greek Antiquity, was convinced that the gods
endowed humans with knowledge and mathematics, while they bestowed on the bees
sophisticated geometrical notions and some kind of virtue. He praised the honeybees
as the paragon of obedience and industriousness. He also suggested that the difference
between men and bees lies in the fact that men can prove geometrical theorems,
thus justifying their knowledge. Pappus was filled with wonder about the divinely
regular shape of the hexagonal honeycomb [6] (see Figure 9.2). He formulated the socalled honeycomb conjecture, stating that a hexagonal grid represents the best way
to divide a surface into regions of equal area with the least total perimeter. Thomas
C. Hales (born 1958) is the Professor of Mathematics at University of Pittsburgh who
mathematically proved this conjecture in 1999 [7].
Compared to Hales’ complex general proof, it is relatively easy to prove the
weaker claim that the amount of beeswax is minimized by the special dimensions of
the half rhombic dodecahedron8 chosen by the bees for the three-dimensional shape
of the honey cell, although such proof is beyond the scope of this book. Details can be
read in the work of L. Fejes Tóth [8] and elsewhere [9]. However, the more interesting
question about how the bees are capable of realizing the hexagonal shape can only
be conjectured. In his book On Growth and Form, Sir D’Arcy Wentworth Thompson
(1860–1948), who was a Scottish biologist and mathematician, suggested “that the
hexagonal bee cell is no more than the necessary result of equal pressures, each bee
striving to make its own little circle as large as possible” [10]. The single bee, if left
to itself, will produce a roughly spherical cell. The resulting form of the collective
building is analogous to the boundary shapes created by equally sized soap bubbles.
These ideas join the stigmergic postulate, and their validity in two dimensions can
be spectacularly demonstrated through a simple LEGO experiment.
8A rhombic dodecahedron is a three-dimensional geometric solid with twelve regular faces in the
form of a lozenge or rhombus. The honeycomb represents a portion of such a polyhedron.
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Figure 9.3: Three equal forces are applied via pulleys to a network made of three threads.
The threads will align into an equilibrium state generating the characteristic honeycomb angle
of 120◦ . The central point dividing the triangle into three sectors of 120◦ is called the Steiner
Point.

If three equal forces are applied to thin threads, as shown in Figure 9.3 where
each force is guided over a pulley, the threads will move towards an equilibrium
position with equal angles of 120◦ between couples of threads. The tension force is
homogeneously distributed over the network, and the total thread distance within
the hull of the triangle (formed by the three guide pulleys) is minimized. The setup
corresponds to the problem of finding the shortest network for three points, also
known as the Steiner problem after the Swiss mathematician Jakob Steiner (1796–
1863) who first described it in a general form [11]. The geometrical solution for the
three-point problem had been found independently by Evangelista Torricelli (1608–
1647) and Bonaventura Francesco Cavalieri (1598–1647) (see Solved Exercise 1) [12].
According to their construction, a central point is generated, dividing the triangle into
sectors of 120◦ . Nowadays the intersection point is called the Steiner point.
An experimental solution to the four-point shortest network problem is shown
in Figure 9.4. Two Steiner points appear on the network, each one dividing a triangle into sectors of 120◦ . Imagine a two-dimensional bee colony trying to move
wax particles over the plane and equally distributing the forces to all the particles,
which necessarily must align according to a shortest network, giving birth to a hexagonal shape (see Figures 9.5 and 9.6). The conclusion is that no intelligence must be
assumed—neither perception nor feedback—to explain the regular two-dimensional
honeycomb pattern. The minimization of wax consumption, an exquisitely difficult
problem equivalent to energy saving, combined with the maximization of the use of
available space has been solved by the simple rule of regularly distributing tension
forces over a network!
It is amazing to see that a straightforward rule applied using open-loop technology (as an action without feedback) can generate regular patterns and even solve
problems. However, the honeycomb architecture becomes less simple when the third
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Four points aligned on a shortest network.

Figure 9.5: This network minimizes the total distance of the threads. The green points represent
the Steiner points dividing the space in sectors of 120◦ .

Figure 9.6: If the outer points are distributed on a grid composed of equilateral triangles, the
network automatically gets a hexagonal form.

dimension is included because of the perfect arrangement of the cells in space. Within
the beehive, all of the honeycombs are aligned in parallel with equally sized bee space.9
Moreover, the combs are built exactly vertical. Assuming the bees construct the honeycombs by equally distributing the wax on the paths of a force-optimizing network,
9 Bee space is the spacing between the honeycombs.
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how do the individuals agree about the fundamental direction of the cells? The only
valid explanation for this mystery that does not contradict the stigmergic thesis is that
individual perception and action are at work. In fact, the honeybee has the capacity
to detect its orientation both in the Earth’s magnetic field [13] and in the gravitational field [14]. During the honeycomb building, each bee applies the geotaxis and
magnetotaxis10 homogeneously by aligning its body with its companions.
Perception is the essential method of recognizing external or internal stimuli. Animals (and more particularly insects) have developed sensory organs for their very
specific ecological niche, which guarantee their ability to perceive relevant data for
their survival. For instance, butterflies that are responding through chemotaxis behavior in order to find their sexual partner have organs to perceive the species-specific
pheromones. Likewise, ants have sensitive cells that allow them to follow the traces
laid by other members of the colony, but to ignore those of neighbor colonies that
may cross these. Note that we will stick to Maja Matarić’s suggestion of using perception and sensing as synonyms, although biologists distinguish both terms [15]. From
the educational robotics viewpoint of this book, such a subtle differentiation is not
required. Quite generally, perception may be defined as a process “providing agents
with information about the world they inhabit, initiated by sensors” [16]. Perception
alone is worthless if it is not transduced into important reactions. For instance, the
honeybee is capable of sensing the CO2 concentration of the hive. However, it is not
sufficient for the colony and for each individual to be capable of measuring the concentration; they also must react in order to prevent suffocation. Although the bees
can survive concentrations up to 8 percent over a long period of time [17], the individual bee tries to reach regions in the hive with lower carbon-dioxide content as the
concentration increases. Eventually a characteristic ventilation behavior is triggered
and the hive is saved.

9.1 They Call Me Braitenberg
Perception and reaction can be considered from both the embodied and the disembodied point of view. Embodiment signifies having a physical body that represents the
support and the envelope of the agent, where the agent designates an animal, an
insect, or a robotic creature. The body provides the agent with possibilities and also
with limitations. Through its body, the agent can physically sense, move, and behave
in a certain way using sensors, actuators, or effectors. However, the agent cannot
exist in more than one place at a time. It cannot instantaneously change its position
or state without a transition time. Also, the body may collide with other bodies and
objects. Existing in the physical world costs energy, which must be obtained and
maintained—no matter what happens. The body only allows a restricted number of
different actions. For example, a fish can swim and plunge, but it cannot crawl or
run. The idea of disembodiment is a theoretical concept in AI that tries to generalize
agent design, kinematics, performance, and behavior. This enables the classification
10A taxis is the behavioral response of an organism by moving toward or away from a directional
stimulus or gradient of stimulus intensity.
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Figure 9.7: Braitenberg’s simplest Vehicle Number 1. The speed of the motor (rectangular box
at the tail end) is directly controlled by the sensor (half circle on a stalk at the front end). The
automaton always moves in the forward direction, except for perturbations [20].

and comparison of robot agents and theoretical studies. A good example is the excellent book Autonomous mobile robots by Roland Siegwart and Illah R. Nourbakhsh
[18], which focuses on the general description of mobile robots, but doesn’t care about
their practical realizations and implementations.
In his world-famous book Vehicles: Experiments in Synthetic Psychology [19] Valentino Braitenberg (1926–2011), who was the former Director of the Max Planck Institute
for Biological Cybernetics in Tübingen, Germany, depicts a series of disembodied
autonomous machines that at first glance are so simple that they do not inspire much
interest from the engineering point of view. However, as they are animated, they start
reacting in such prodigiously complex and intriguing ways that Braitenberg chooses
terms from animal psychology rather than technical jargon to describe their behavior.
For example, he talks about a vehicle that “is restless and does not like water, . . .
it is stupid, . . . it is alive.” It may seem odd to use a vocabulary that normally
is reserved for the animated world. Yet obviously, the technical expressions are no
longer sufficient to depict the reactions of these automated machines.
Braitenberg offers few specifics about how his vehicles should be designed in
practice. They represent idealized classes of engines that may move along by jet
propulsion in water, air, and space or simply creep over an even surface. No matter
how they are conceived in reality, they only have to obey a certain number of design
rules. The simplest elementary Braitenberg automaton is shown in (Figure 9.7). Influenced by the front-end sensor, the stern motor moves the engine at variable speed.
There are two possible basic configurations. Either the motor speed rises (+) at increasing sensor values, or it drops (−) accordingly. If the sensor is measuring very
weak values—or very strong values—it may even stand still. Only real-world disturbances will force the vehicle to deviate from the straight course. Does this vehicle
already solve any problem? In fact, one could imagine an automatic train that is
equipped with a sensor measuring the distance to the next railway station. At the
start, the train will rapidly accelerate to a high speed, because the station is so far
away. But, as the train is approaching the station, it will gradually decelerate and
stop.
This simple description of a vehicle can be applied to a LEGO robot that is moved
by one single motor drive following the NXT ultrasonic distance sensor readings. The
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Figure 9.8: Braitenberg robot with the ultrasonic distance sensor ahead. The robot’s speed
depends on the measured spacing from the wall.

robot that is controlled by the programmable LEGO NXT module is placed at a certain
distance from a wall or a big obstacle. At the beginning of the program, it rapidly
rushes towards the barrier. But, as it draws nearer, the speed is reduced, and the
robot stops a few centimeters from the wall. The robot Braitenberg carrying out this
task is shown in Figure 9.8. It has been equipped with two fully synchronized NXT
motors forming the common drive. In technical terms the robot has only one degree of
freedom (1 DOF). The ultrasonic sensor is placed at the front end. The NXT controls
the robot according to the instructions of a very simple program. Inside the main
program loop, the sensor readings are directly wired into the motor power input of
the motor control icon. The steering is set to zero, which tells the NXT to always keep
both motors at the same speed, thus assuring synchronicity (Figures 9.9 and 9.10).
As we will see later, the software regulation of the NXT firmware does not provide
perfect synchronization, causing undesired course deviations. Practically, both motor
axles could be linked together in the middle with an axle-bush, improving the design.
In nature, a single direct sensor-motor conjunction is called a monosynaptic reflex arc linking a single sensory neuron with a motor neuron. It is characterized by

Figure 9.9: Simple LVLM program controlling a Braitenberg robot. The measured distance is
directly wired into the motor power. The program blocks are wrapped into a continuous loop.
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Figure 9.10: Corresponding NXT -G 2.0 program. The steering value 0 is not visible on the
diagram. However, it is represented by the forward-pointing arrow in the “Move” block.

two different fundamental functionalities. Either the motor neuron is “activated” (+)
on firing from the sensory neuron, or it is “inhibited” (−). Basically Braitenberg’s program simulates this elementary neuronal pathway. The motor reactions are directly
influenced by the readings of the distance sensor without any intermediary evaluation. By contrast to Braitenberg’s simulation, the natural sensory neuron may only
start firing above a certain threshold, and the reflex arc will run into saturation above
a second threshold. At this juncture, the motor neuron will not be able to increase the
magnitude of its reaction. The importance of this thresholding can be observed with
the Braitenberg robot. First of all, if the distance to the wall is larger than one meter,
the motor power will be clipped to 100. Hence, the speed cannot grow to infinity. In
nature and in many technical applications, this is an important measure of security
to prevent motor damage. Second, it can be observed that, in spite of stopping in
front of the wall, Braitenberg’s motors still produce the characteristic whistling, which
proves that the motors continue to be powered. In fact, when the robot appears to
have reached the wall, the spacing is still not exactly zero. This difference asks the
motors to continue turning at very low power. However, the frictional forces are too
important and the motor torque too weak to rotate the motor shafts in such a way
that they are immobilized. Stalled motors can draw large currents that risk damaging
them. So, nature is quite clever to protect the motor neurons through thresholding.
Unexpectedly, the LEGO incarnation of Vehicle 1 does not run the straight-line
course. There is slipperiness on the ground surface, the robot tail castor snaps into
a non-zero position, and the motor regulation causes differences in speed. These
are some of the real-world perturbations that Valentino Braitenberg is talking about:
“As the vehicle is pushing forward against frictional forces, it will deviate from its
course. In the long run it will be seen to move in a complicated trajectory, curving one
way or the other without apparent good reason” [21]. The simple vehicle connects a
sensor node to a motor node in an elementary way, obeying a proportional function
(or an inversely proportional function, in the case of the inhibitory configuration).
Comparable to the natural reflex arc, the robotic simulation has the advantage of
producing fast reactions to sensory input that are not delayed by higher complex
neuron or computation control functions. From the functionality point of view, the
stimulus-response robot corresponds to the reactive control Creature, described by R.
A. Brooks [22].
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If the behavior of the LEGO Braitenberg robot that has been presented so far is
analyzed, three cases can be differentiated:
1. Run at full speed for distances greater than 100 cm.
2. Run at decreasing speed for distances between 6 and 100 cm.
3. Stop at distances smaller than 6 cm. (This also is the steady state.)
Kidnapping the robot, which can be considered a most dramatic perturbation,
liberates extraordinary forces that tend to move the robot back to the steady state, because kidnapping causes the sonar sensor to read longer distances all of a sudden, and
the motors consequently run considerably faster. Note that the existence of a steady
state is not necessarily characteristic for the whole class of reactive vehicles. It must
be underlined that the Braitenberg robot is a special case with a close interdependence
between the sensory and the motor nodes. The influence of the sensor on the motor is
evident and was part of the robot definition as a technical reflex arc. But, in this case,
the robot motion changes the magnitude of the distance that the sensor perceives. In
other words, the sensor delivers the feedback of the robot’s action.

9.2 Helmholtz, Differences Make the World
The described LEGO incarnation of Braitenberg’s Vehicle 1 reacted in an amazingly
complex manner, mainly because of the imperfections in the robot’s physical characteristics and its environment. However, apparently, the practical implementation
contradicted the direct coupling of the stimulus and the reaction. In fact, the NXT,
as a higher-level digital computing device, was interposed inside the sense–act arc,
forming de facto a sense–think–act composite. However, the NXT reduced the thinking process to a direct injection of the sensor values into the motor power, simulating
the sense–act reflex arc. Nonetheless, the creature could have been designed with
pure analog electronics that do not require any form of digital brain. Comparable to
W. Grey Walter’s original tortoise, presented in Chapter 5, a most simple incarnation
of the Braitenberg Vehicle 1 can be realized with a photocell (see Figure 9.11). The
schematics of the vehicle control using a light-dependent resistor (LDR)11 is shown
in Figure 9.12. If the light intensity decreases—as the vehicle approaches the wall,
for instance—the resistance of the LDR will increase, and the transistor base will receive less current, resulting in a lower collector-emitter current powering the LEGO
MINDSTORMS legacy motor (see glossary of the Transistor on page 281). Note that
the sensor’s characteristic largely depends on the chosen LDR and the battery charge.
If the motor response is too weak, it might be necessary to use an 8-tooth gear with the
24-tooth crown gear, instead of the 12:20 gearing shown in Figure 9.11. The vehicle
is powered by a LEGO Technic 9-V battery box.12 Alternatively, the device could be
11 For example, an assortment of five LDRs can be acquired from Radio Shack (article 276-1657).
Note that the resistance of an LDR decreases as the light intensity rises.
12 The LEGO 9-V battery box was available as accessory part number 5293-1.
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Light-sensitive Braitenberg Vehicle 1 with battery-pack and homebrew sensor.

r Power Functions [23]. Unfortunately, a costly
realized with the more recent LEGO
LEGO wire must be cut and soldered. Therefore, it might be preferable to use old
material from the stock (as suggested) instead of sacrificing parts of a brand new set.
Note that in the case of using the Power Functions, the sensor must completely be
redesigned, because the motors from this line draw much higher currents.
From an educational point of view, reproducing the analog Vehicle 1 is more useful than one might think at first. In his remarkable paper Real robots don’t drive straight
[24], Fred Martin, who is one of the fathers of the LEGO robotics concept at MIT
Media Lab and now is Associate Professor of Computer Science at University of Massachusetts in Lowell, complains about a particular difficulty that appeared with actual
robotics kits used in education. Martin explains that mobile robotics more and more
have become part of regular engineering teaching, especially for introducing students
to the notion of feedback. Intriguingly, students always run into the same problems
when trying to create or program a robot that is “driving the straight line,” particularly
when using dual-drive robot bases. Generally, they hold on to the erroneous idea that
the robot’s open-loop trajectory should follow a straight line if both motors turn in
the same direction and at the same power, ignoring that part differences, gear train

Figure 9.12: Analog circuitry of the sensor for a simple Braitenberg Vehicle 1 that may be
realized by readers with basic experience in electronics. (The polarity must be observed!) Note
that the functionality of the transistor is explored in Challenge 2.
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asymmetries, and ground perturbations may cause deviations from the ideal line.
Normally, this encourages them to start thinking about remediation focused on getting feedback from sensors in order to create closed-loop control. Embodied mobile
robots have a dual nature, as they represent both deterministic machines and unpredictable automata. By figuring out why their robot does not behave as expected and
how the issues can be overcome, the students comprehend and learn more deeply the
essentials of robotics. However, “as robots become more mainstream, though, ‘more
advanced’ toolkits now offer closed-loop movement commands as a primitive.” For
instance, the new NXT motors are driven through built-in, high-end functions (such
as speed regulation, dual-drive synchronizing, and distance driving). By providing
these built-in, closed-loop primitives, robotics kit producers are depriving their users
of one of the central and critical engineering lessons of classroom robotics. Martin
worries that these facilitations will change educational robotics in the sense that “the
robots will migrate toward open-loop solutions in which they simply carry out a series
of pre-planned actions.”
Such a scenario certainly is intriguing, because it documents how much the
electronic and electromechanical devices in our daily lives—certainly those used in
schools—hide their functionalities more and more behind plastic casings, incomprehensible hardware, and even more indecipherable software, so that students no longer
get the required insight and understanding of these objects. In the B.I.T. activities, we
always try to keep in mind that the students should “get to the essence of things.”
Consequently, we encourage them to delve from the top down into lower-level functions and mechanisms in order to systematically grasp the superior levels. However,
the students should never lose sight of their initial project goals in order to avoid
getting lost in the details. The analog Vehicle 1 is an excellent example of a primitive
robot that does not implicate sophisticated control. It only includes the elementary
stimulus–response couple that represents the lowest level of feedback. Everything is
visible with this robot, including the light-sensitive resistor (LDR), the driver transistor,
the motor, and the batteries; there is no hidden functionality. Despite limited student
knowledge in electronics, the device also is easy to understand. Building the analog
Vehicle 1 can be considered to be an important “episodic intermezzo” in a robotics
course or project, it provides a great opportunity to learn rudimentary notions of
sensor technology and perception, analog electronics, and continuous functions that
contrast with digital devices and time-discrete functions.
Hermann von Helmholtz (1821–1894), who was the great German polymath,
physician, and physicist, made seminal contributions to several key areas of science.
Helmholtz was animated by a profound desire to find causalities in nature [25]. In
physics, he explained the ground-breaking principle of the conservation of energy.
Helmholtz also worked on the physiology of perception [26]. He argued that the
qualities of sensations are dependent only on our nervous system. They are simple
effects that are produced in our organs by objective causes. How these effects manifest
themselves depends fundamentally on the type of organs involved. As a prolific
experimentalist, Helmholtz discovered that the velocity of the nerve conduction in
frogs is amazingly slow (around 25 m/sec). The measurement was possible, because
for this purpose, he had invented an instrument called the myograph, which was used
to determine the force induced by an innervated muscle.
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Figure 9.13: Helmholtz has a single light sensor. Both motors are fully synchronized in order
to produce a linear course. (Source: The LEGO Group)

In remembrance of this great scientist, the following LEGO NXT robot is called
Helmholtz (Figure 9.13). It uses the LEGO light sensor instead of the ultrasonic sensor,
and the motor power is made a direct function of the light intensity, as in the analog
Vehicle 1. Because of Newton’s inverse square law,13 one can hardly imagine a world
with constant light intensity—unless it is totally dark or homogeneously diffuse. The
light intensity depends on the spacing between the robot and the light source. If the
source is placed on the robot’s course line, Helmholtz will move towards the light at
increasing speed and eventually will crash into the source. However, if the source is
placed off-course, the robot will first approach and then sheer off at decreasing speed.
Theoretically, its movement would continue indefinitely, approaching without ever
reaching zero. In practice, however, the robot will stop when its motor torque can no
longer overcome friction forces. Helmholtz’ LabVIEW program is shown in Figure 9.14.

Figure 9.14: Helmholtz’s program. It produces paradoxical behavior if the light source is
placed off-course. As the robot approaches a light source, its speed is increased, forcing it to
drive away at descending speed.

13 Newton’s inverse-square law states that physical quantities like light intensity or gravity are inversely
proportional to the square of the distance from the source of the physical event generating the quantities.
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Helmholtz’s definition is the opposite of Braitenberg’s, although in both cases
strong sensor stimuli produce strong motor reactions and vice-versa. The distancebehavior of the new robot is inverted compared to its predecessor’s. However, since
Helmholtz does not measure the distance to the light source directly, the behavior
becomes subtler. One can distinguish four different cases:
1. The light source is localized on the robot’s course. In that case the behavior can
be described with the following actions.
• Stop in the dark, because the friction is not overcome.
• Run at increasing speed, once the friction has been overpowered.
• Crash into the light source.
2. The light source is off-course.
• Stop in the dark, because the friction is not overcome.
• Run at increasing speed, once the friction has been overpowered.
• Reach the maximal speed (as the robot’s course aligns with the light source).
• Run at decreasing speed until the friction wins.
• Stop.
3. There is no light.
• Just stand still.
4. The light is homogeneously diffuse with no differences in intensity.
• Move at constant speed.
It is astonishing to see how much the inversion of the design rules affects the
robot behavior. In fact, small differences in the definition of the robot may have dramatic effects on the behavior. Because the robot interacts with its surroundings, behavior emerges from the environmental conditions. The most important lesson of this
section is that Helmholtz’s dynamics arise only from the sensed differences in light intensity, which normally are omnipresent. Essentially, the very existence of differences
in physical quantities makes the world perceptible to our senses. In a diffuse, foggy
atmosphere, we cannot recognize or distinguish any objects or phenomena. Everything is equally grey. Helmholtz will not change its behavior in the perfect diffuse light
environment. From the point of view of perception, constancy is almost equivalent
to nothingness. Exaggeratedly, it can be stated that the world only exists because of
impressions left behind by objectively noticeable differences.
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9.3 Cauchy and the Role of Convergence
So far, except for perturbations, the behaviors of the simple reactive vehicles were
quite predictable. In order to investigate higher degrees of complexity in his synthetic
psychology, Valentino Braitenberg combined two elementary vehicles into a new class
of reactive automata. This time, two sensory nodes control two motor nodes that are
fixed on a common base. Because the reflex arcs may be realized by activation and
inhibition and the arcs can be either straightforward or crossed, there are four useful
combinations resulting in four different behaviors. The motion is transferred from the
line into the plane. Perturbations no longer play an important role, because the robots
do not leave their two-dimensional kinematics (in contrast to the Vehicles 1 that were
theoretically conceived to strictly obey one-dimensional kinematics but practically
evolved in two dimensions).
According to Braitenberg, Vehicle 2 is a coward (see Figure 9.15a). If it is in the
proximity of an intense light source, it will rapidly flee and end up in the darkest place
of the plane. If for instance the light source is located on the left side of the robot, the left
motor will be powered more strongly than the right one, and the device will turn away
from the source. By contrast, Vehicle 2 behaves aggressively (Figure 9.15b), because it
rushes with increasing speed into the light source. If the source is located to starboard,
the left motor will run faster than the right one and the vehicle will turn towards the
light. Vehicle 3 (Figure 9.16a) violently runs away from the dark in the direction of the
light source. However, as it approaches the source, it slows down and gently hits it or
stops in front of it, behaving like a lover. And finally, Vehicle 3 (Figure 9.16b) smoothly
leaves the brightness and more and more vigorously explores the darkness.
Although Braitenberg focuses more on the psychological aspects of the robot
reactions, it must be underlined that these vehicles are equipped with the lowest
possible level of intelligence. The perception and action are directly connected. There
is no thinking process involved. The emergent behaviors that Braitenberg, as a human
observer, interprets and labels with behaviors known from animals and humans have

Figure 9.15: Braitenberg Vehicles 2. (a) If the arcs are applied straightforwardly, the vehicle
will cowardly ﬂee the light. (b) Crossed arcs will produce aggressive races towards the light.
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Figure 9.16: Vehicles 3. Braitenberg describes the behavior of the vehicle with straightforward
inhibited arcs as loving (a), whereas the crossed version (b) behaves like an explorer.

no significance for the robot. Its reactions are the direct results of local physical
conditions. However, in the context of Barbara Webb’s work, which has been outlined
in the introduction, Braitenberg’s robots shed light on biological insect behavior.
Emanuel Rádl (1873–1942), is a Czech biologist who was one of the first to systematically compile the knowledge and the lingering queries about phototaxis, which
is the capacity of an organism to move toward or away from a light source. He was
concerned that “the hardest thing to understand in the phototropism14 is . . . the
idea of a force through which the light influences the organism. . . . Many authors
haven’t considered the phototropism as an autonomous appearance; and their views
of the animal reactions on light involve that the animals ‘see’ and ‘recognize’ their
surroundings, ‘choose’ this or that direction, ‘differentiate’ the brightness from the
darkness, ‘like’ a particular color, whereby the words see, recognize . . . are not specified, but it is tacitly assumed that their meaning is known from human physiology
and psychology” [27]. Rádl cites earlier observations of moths that are irresistibly
attracted to a flame in the dark. Bizarrely, they fly directly into the flame, sometimes
circumventing it, but occasionally burning to death. He describes both positive and
negative phototaxis (insects being attracted or repelled by a light source) where some
organisms fall into immobility in brightness, while some grow stiff in the dark.
Braitenberg’s higher-order vehicles obviously solve taxis problems by applying
purely reactive control mechanisms and de facto proving that a minimum of intelligence is sufficient to explain many behaviors that are known from invertebrate biology. We now will create Vehicle 3a and call it Cauchy in memory of the great French
mathematician Augustin Louis Cauchy (1789–1857), who was a pioneer of calculus
and the man who gave us the epsilon15 , as depicted by Judith V. Grabiner in her
excellent article “Who gave you the epsilon? Cauchy and the origins of rigorous calculus” [28]. Among his tremendous life’s work, one of Cauchy’s achievements was
the mathematical description of a certain class of numerical sequences that—roughly
explained—converge by oscillation and contrast with normal asymptotically converg14 Rádl used the word phototropism rather than the term phototaxis. For the purpose of this book, we
will consider them as synonyms.
15 The Greek ε (epsilon) denotes an arbitrarily small number greater than zero.
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The Cauchy Robot equipped with two light sensors.

ing sequences that cling to a limit. The robot Cauchy is shown in Figure 9.17. It is
equipped with two light sensors. The program, which is set up to apply an inhibitory
reaction of the motors on light stimuli, can be seen in Figures 9.18 and 9.19. The
real robot incarnation will behave as predicted in the description of Vehicle 3a and
smoothly converge to the light source. Note that the robot is sensitive to ambient
light. The experiments with Cauchy work best in a penumbral16 environment with
a good old incandescent bulb as the light source. The LEGO light sensors have an
excellent response to the infrared irradiation of such a bulb. You might experience

Figure 9.18: Cauchy ’s LVLM program. In order to produce the desired inhibitory effects on the
motors, the sensor values must be inverted. This is done by subtracting the values from a constant
(60). After the operation, it must be made sure that the motor power values stay in the valid
interval [0,100]. We therefore use the Coerce function.

16 Penumbra is defined as “A partial shadow, as in an eclipse, between regions of complete shadow
and complete illumination” (freedictionary.com).
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Figure 9.19: Alternative version of Cauchy ’s program, as realized in the NXT -G 2.0. The
difference is that both sense–act control functions are executed in two parallel loops. Also, a
pause has been added to each loop in order to allow the motor to adapt to the power changes.
The overall robot behavior is not affected. Note that internally the Move block coerces the results
from the subtractions. Invisible is the value of the constant used in the operations.

that the robot does not work well. In that case, you must check whether both light
sensors show almost equal response. They should yield identical values under the
same light conditions. If there are differences, the return values of one of them need
to be adjusted accordingly in Cauchy’s program. Also, there might be an issue with
the spacing of the sensors.

Summary
All through this chapter, the readers experienced lived something like a Close Encounter of the Third Kind,17 while meeting bugs, bees, and moths in the context of
robotics. However, they learned that there are many parallels between invertebrate
biology and LEGO robots, which are conceived as reactive creatures. First they heard
about stigmergy in the context of social insects as a category of mechanisms that form
a dynamic bi-directional stimulation and reaction between the insect colony and the
individual. Such dynamic processes allow honeybees and wasps to build their characteristic hexagonal combs when they are animated from internal drives only and
without any intelligence implied, except for the geotaxis and magnetotaxis, two important behavioral responses applied by the single insect to a directional stimulus
from gravitation and Earth’s magnetism. The readers then were introduced to the
synthetic psychology of Valentino Braitenberg, who conceived the minimal required
reactive control functions for creating robots capable of deploying the phototaxis, and
other taxes based on single or combined reactive stimulus–response control functions.
17A reference (with reverence) to Steven Spielberg’s great science-fiction movie Close Encounters of
the Third Kind from 1977.
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These emergent behaviors solve many problems concerning insect creatures, which
are essential for their survival. Through three interesting LEGO NXT robots (Braitenberg, Hemholtz, and Cauchy), the readers could experiment themselves and learn by
doing.
Puzzle: 72 Pencils
Can you rebuild this marvel?
The extraordinary mathematical gizmo in Figure 9.20 was created for the
Museum of Mathematics [29] by George W. Hart [30], who is currently a research
professor in the Department of Computer Science at Stony Brook University in
New York.
Seventy-two pencils are arranged to form four interpenetrating tubes. The
sculpture has invisible dots of glue to hold itself together, but it can more easily
use eight rubber bands around the ends. From the geometrical point of view, the
tubes are hollow, and—interestingly in the context of what has been said about
the honeycomb architecture in this chapter—the cavity in the center represents
a rhombic dodecahedron.

Figure 9.20:

A hexagonal mathematical sculpture. (Courtesy of George W. Hart)

Problems
Exercise 1: The Fermat Problem.18
Evangelista Torricelli (1608–1647) was an Italian physicist who succeeded Galileo as
a professor of mathematics at University of Pisa. His key invention was the mercurial barometer. Independently of Bonaventura Francesco Cavalieri (1598–1647), who
was his rival at University of Bologna and whose seminal work was the theory of
18 Consult the historical section of the website of the Mathematical Association of America [31], more
precisely Stefanie Streck’s paper The Fermat Problem, written at the Pacific Lutheran University.
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Figure 9.21: (a)Torrcicelli’s and (b) Simpson’s constructions and (c) a hybrid construction. All
are based on the erected equilateral triangles.

indivisibles, which was a further development of Archimedes’s method of exhaustion19 and a pathbreaking contribution to the conceptualization of calculus, Torricelli
had found the geometrical solution of the shortest network problem for three points.
This problem was enounced by Fermat and appears under the denomination the
Fermat problem [32], which is not to be confused with Fermat’s Last Theorem, and
represents a special case of the Steiner problem (briefly described in this chapter).
Torricelli proved that the intersection of three circumscribed circles constructed over
three equilateral triangles, each one containing one edge of the initial triangle, solved
the Fermat problem [33]. Cavalieri had delivered the proof that the angles in the
resulting shortest network all equal 120. Later mathematicians could elaborate corollaries of the proofs. For instance, Britain’s Thomas Simpson (1710–1761) showed that
the three lines drawn from each of the original vertices to the opposite vertex of the
opposite equilateral triangle cut in the Fermat point [34]—which sometimes also appears as the Torricelli point and nowadays is called the Steiner point. Both standard
constructions, plus a hybrid determination of the Steiner point, can be viewed in Figure 9.21. Note that the Fermat problem also has its exceptions. Whenever the triangle
ABC itself has an angle that is larger than 120◦ , the Fermat–Steiner point coincides
with the concerned vertex.
How we can program a computer or a robot to yield the Steiner point? There are
a few fundamentally different methods of tackling the problem. If you are a problem
solver of the modeler type, you will probably try to express a solution in terms of
analytic geometry. You will have to represent all of the points, lines, and circles by
vectors and equations, fill pages of mathematical developments, and start writing
some complex program code. If implemented into a robot, the result will form a
think-hard–act-later type of deliberate control, as explained in the Introduction to
Part II, because the robot calculates the exact position of the Steiner point applying
rational reasoning, and only at the end will the robot move to the goal point. For
19 The method of exhaustion consists in calculating an area or a volume by approximating it through
the areas of a sequence of polygons or polyhedra with growing numbers of edges or faces.
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instance, a hybrid solution that blends Torricelli and Simpson’s methods will need
the following steps.
Step 1. Construct the equilateral triangle over the edge (A, B):
(a) Find the middle M of the line segment (A, B).
−→
(b) Determine the unitary vector orthogonal to the vector AB. This yields the
direction of the line (MF).
(c) Calculate the coordinate of the point F applying Pythagoras’s theorem.
Because there are two equilateral triangles that can be erected over (A, B),
we must choose the one opposed to the triangle ABC:
• Establish the equation of the line (AB).
• Make sure that F and C are not located in the same semi-plane, determined by (AB).
Step 2. Compute the coordinates of the center O and the radius r of the circumscribed
circle.
Step 3. Establish the equation of the line (CF) by joining the vertices of both triangles.
Step 4. Calculate the coordinates of the intersection point S—actually the Steiner
point—between the circle and the line (CF).
(a) Because there may be two solutions, eliminate the point situated in the
semi-plane delimited by (AB) and containing F .
(b) In order to accept the Steiner point S, it must be localized within the convex
hull of the triangle ABC. If this is not the case, the Steiner point coincides
with the nearest vertex of ABC.
The advantage of the analytical method is that the Steiner point is calculated
straightforwardly, without any iteration or recursion. It is rapidly calculated to any
desired precision. The final program is probably best instantiated in a text-based
programming language, since there are so many equations involved. The trade off
for this method is the slow design time, because the mathematical modeling and the
transcription into valid code certainly take a very long time. Another issue is the
movement towards the Steiner point once it has been determined. The robot will
need excellent navigational faculties to reach the target with a high precision.
The second approach to an AI solution of Fermat’s problem starts from a totally
different point of view. This idea is to simulate the force-equalizing process that was
experimentally shown in Figure 9.3. Now assume that there is a robot capable of
measuring the three forces applied to the network. The robot might be linked to the
vertices of the triangle by rubber belts and three Vernier dual-range force sensors,
for instance (see Chapter 4, Challenge 9).
For this mission, if you are a tinkerer or a Bricoleur, you could design a purely
reactive robot of the Don’t think–react! category as a mobile base by merging three
elementary Braitenberg vehicles where each autonomous module reacts on one of the
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Figure 9.22: Rama, MCP Philo’s RCX -version of a Killough-Pin platform. (Courtesy of Philippe
Hurbain)

forces measured. At first sight, such a robot would suffer from excessive friction and
thus would not be very practical. However, in 1994, Stephen Killough and François
Pin, both engineers at Oak Ridge National Laboratory in Tennessee, invented the omnidirectional holomonic20 platform (OHP), which is a vehicle with three independent
drives using specially designed wheels [35] that avoid friction issues by providing a
second degree of freedom (see Figure 9.22). This platform would be the ideal incarnation of a Fermat problem-solving robot. The advantage of the applied reactive
control is the programming ease. The robot will find the Steiner point very quickly,
as it corresponds to the equilibrium of the implied forces. However, the robot will be
hard to calibrate. We already experienced this with the robot Cauchy.
Another solution could be a behavior-based robot of the think-the-way-you-act
type that would make arbitrary displacements in two dimensions and continuously
verify whether the last action improved the network by reducing the forces and,
equivalently, the total distance of the network segments. If it saw no improvement,
it would undo that action. This trial-and-error approach, programmed by an inventive problem solver, would yield the steady state after a certain, probably long,
time. Intensifying the involved intelligence even more would lead to a systematically
thinking and separately acting robot—the hybrid type. As a conqueror, you’d try
to control the robot in such a manner that it would yield the Steiner point optimally.
For instance, you could program the robot to operate eight successive movements, as
shown in Figure 9.23, and to check each time which one improves the network. Then
the robot moves to the selected square and repeats the procedure until no neighbor
cell yields a better score. Afterwards the brain divides the magnitude of the displacement by three, in order to execute the next set of eight translations. At each step of
the algorithm, the precision is increased; the NXT robot rapidly converges to the best
position, which minimizes the network.
20 In robotics, a device is called holonomic when the number of controllable degrees of freedom
(DOF) equals the total number of DOFs.
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Figure 9.23: Left side: The robot explores nine squares and selects the one that improves the network.
Middle picture: None of the eight neighboring tiles reduces the total distance of the network. Right
side: The selected square is subdivided into nine smaller squares by dividing the side length by 3. The
exploration procedure is repeated until the desired precision is reached.

If the robot’s perception faculties are defined differently (for example, when we
presume that it is capable of measuring the distances to the three vertices), no physical
forces are involved any longer in the network. (We could use the Indoor-GPS system
that will be presented later in Chapter 12, for instance.) This system is composed of
several beacons that send out infrared and ultrasonic bursts. Three of these beacons
would be placed on the vertices of the triangle. A receiver that is piggy-backed on
the robot is capable of measuring the time difference of arrival (TDOA) between the
infrared signal radiating at the speed of light (about 300,000 km/s) and the ultrasonic
signal that propagates at the speed of sound (∼ 340 m/s). Evidently, the TDOA is
proportional to the distance travelled by the signals. Configured this way, the robot
would solve the network problem by computing the actual total distance, comparing
it to older ones, and iteratively executing the eight movements as described.
This final divide-and-conquer method also proves useful in a LabVIEW program
running on the desktop computer (see Figures 9.24 and 9.25). The program first fixes

Figure 9.24: A LabVIEW program that iteratively solves the Fermat problem. Note that the program
starts with the center of mass, which presumably is located in proximity to the Steiner point. Then the
program checks if the movement to one of the eight neighboring ﬁelds improves the network. Once the
program has detected a central square that minimizes the actual distance, the size of the neighborhood
squares is divided by 3, and the program restarts the neighborhood scan process on a smaller scale.
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Figure 9.25: Sub.vi that calculates the network distance, which sums up the lengths of the
segments starting from the presumed Steiner point location S to the three vertices of the considered
triangle.

the center of mass of the triangle as an initial guess of the Steiner point. Then it
calculates the magnitude of the implied distances. This is necessary to determine
the size of the initial squares. Next, the computer operates the eight movements, as
shown in Figure 9.24, checking whether one of them reduces the network distance. It
continues on this square and reduces the size of the new sub-squares, by dividing the
previous side length by 3. The number of iterations controls the program’s precision.
Note that this program must not consider any exception. It always yields the correct
Steiner point position, even if one angle of the triangle is greater than 120◦ .
Let’s compare the different solutions given in Table 9.1.

Table 9.1

Robot
Control
Type
Reactive
control
Behaviorbased
control
Hybrid
control

Algorithm

Design

React proportionally to
rubber belt forces
Randomly move and verify
quality of movement

Easy to program; long sensor calibration time
Easy; minimal mathematics implied (calculate distances)
Relatively easy; minimal
mathematics implied (calculate distances)
Difficult; modeling and
implementation difficult;
exceptions (angles>120◦ );
much analytical geometry

Test movements on exponentially decreasing
squares
Deliberate Pre-calculate exact solution
control
(Torricelli/Simpson)

Execution

Fast
Slow

Fast

Fast
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Additional Exercises:
• Establish the equations to the listed analytical Fermat problem algorithm.
• Create a LabVIEW program applying the algorithm and solving the equations.
(Think of using the formula node structure.)
• Design an NXT-version of the Killough-Pin platform and program it as a purely
reactive robot.
• Conceive a hybrid control for a dual-drive robot that applies a trial-and-error
method.
• Transcribe the iterative square-walking method into a hybrid robot-control program.

Exercise 2: Pulse Width Modulation (PWM).
In the homebrew version of the Braitenberg Vehicle 1 experiment presented in this
chapter, you certainly noticed the weak torque of the motor under low-light radiation.
The characteristics of a DC motor show that the torque increases as the speed decreases
[36]. This is easy to understand. Assuming a constant voltage is applied to the motor,
the torque is highest when the load stalls the motor; the torque is weakest when there
is no load at all and the motor is free running. The current drawn by the motor is
not constant either. It increases under any motor load that reduces the speed. In the
tachometer experiment (Chapter 2, Exercise 2), we learned that the induced voltage
of a DC motor that is used as generator is proportional to the speed. Inversely, it
is also true for the unloaded motor that the applied voltage is proportional to the
motor speed. The consequence is that the torque/speed and torque/current curves
are shifted downwards on the Cartesian grid, as the free-running speed decreases
with falling applied voltage. The motor torque vanishes—so much that below a
certain threshold it is no longer capable of surmounting the internal motor friction
(see Figure 9.26).21
In the early sixties, a novel method of controlling output voltages appeared in the
domain of hi-fi amplifiers, called pulse-width modulation (PWM) [37]. This astute
method became rapidly popular in the control of DC motors, because its application
resulted in overcoming the torque issue. The idea is to generate a digital signal with
constant on and off cycles (or for added complexity, variable on and off cycles). During
the on time, the motor is powered at full voltage with highest torque; during the
off time the motor is not powered at all. Although the average delivered voltages
are the same for the PWM-controlled and voltage-regulated motor, the exploitable
torque is significantly stronger with the first method. The ratio of the on-phase over
the total period time is called the duty cycle and is expressed as a percentage (see
Figure 9.27) [38].
21 Remember that the torque is the moment of force, describing the capacity of a force to rotate a force
about a pivot (see Chapter 8, Eq. (8.3)).
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Figure 9.26: MCP Philo’s experimental results for the LEGO legacy motor (model no. 43362).
A constant voltage has been applied to the motor. The torque, expressed in N·cm is drawn
against the speed in rotations per minute (rpm) and the current in mA.23

The LEGO NXT drives its motors through a PWM signal that is generated using
firmware. Because of the high frequency of this signal, a characteristic whistling is
audible [39] when a motor is run at power levels that are less than 100 percent. In order
to fully understand the functionality of the PWM, however, we will generate our own
PWM signal. We deliberately choose a long signal period in order to make the effects
of the modulation visible. The LabVIEW diagram of the PWM-controlled motor is
shown in Figure 9.28. The program consists of two independent loops. The upper loop
watches the states of the NXT arrow buttons. The user can change the duty cycle of the
PWM by pressing these buttons. The bottom loop has a Boolean variable whose state
is toggled when either the on time or the off time has elapsed. From the duty cycle, the

Figure 9.27:

A pulse-width-modulated (PWM) signal.

23 Please consult Philo’s gigantic LEGO motor study page http://www.philohome.com/motors/
motorcomp.htm. (Courtesy of Philippe Hurbain)
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Figure 9.28: Complete LVLM diagram for the NXT of a low-frequency, PWM-controlled motor. The duty
cycle is controllable through the NXT arrow buttons.

program calculates these two durations according to the period length. If the Boolean
variable is TRUE, the program then checks whether the off time has elapsed. In that
case, the motor is switched on and the Boolean is negated. In the FALSE condition
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the on time is tested and, if the time has elapsed, the motor is switched off, which
closes the cycle. Note that the motor will not completely switch off if the duty cycle
is zero because the execution of the NXT motor-command takes some time, during
which the motor is switched on.24 Also note that we selected the brake mode as the
off-condition because, in the alternative coast mode, due to inertia of the rotor and the
long regeneration time, where the motor coil is still magnetized, the unloaded motor
will continue rotating during the off time. The difference between both motor off
modes is that in brake mode the motor pins are short circuited in the NXT electronics,
while coast mode leaves them unconnected. Therefore, the magnetic field disappears
immediately in brake mode, while it persists for an impressively long time in coast
mode. Moreover, the short circuit generates an electromotive force acting against the
direction of rotation (Figure 7.12). These differences become almost insignificant in
the case of higher PWM frequencies, since a short circuit cannot evacuate electrical
energy instantaneously.

Additional Exercises:
• Can you experimentally show that the average motor speed is proportional to
the applied PWM duty cycle? Log the rotation sensor values together with the
duty cycle and deduce the motor speed by derivation. Alternatively you may
use the improvised tachometer from Chapter 2.
• Can you compare the motor torque of a PWM-controlled motor with a voltageregulated motor running at the same average speed?

Glossary: Transistor
In 1947, John Bardeen, Walter Brattain, and William Shockley, who were all
physicists at Bell Labs, invented a new three-terminal device25 whose purpose
was “to amplify or otherwise translate electric signals or variations by use of
compact, simple and rugged apparatus of novel type” [40]. The invention used
the semiconductive material germanium. The electrodes were denoted collector
(C), emitter (E), and base (B), where the first two were of the point-contact rectifier type used in pre-war detector radios. The third electrode was a low-resistor
contact on the base of the germanium plate. The inventors named their semiconductor triode a transistor [41]. This word was chosen to describe its ability
to amplify electric signals by TRANSferring current across a resISTOR. The
device works as a variable resistor whose value may be controlled by current.
The transistor rapidly replaced the vacuum triodes because of the transistor’s many advantages, such as low current consumption, high frequency

24 It could be useful to add a special case for a zero duty cycle, when the motor is not activated at all.
25 The three of them won the Nobel prize for their invention.
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features, and small physical size (see Figure 9.29). Its function is rather easy to
understand when compared to the complicated physics behind it. If a voltage
is applied to the collector and the emitter, the current that flows through the
device depends on the voltage at the base. If this voltage UBE(base emitter) is less
than the characteristic semiconductor cut-off voltage (for germanium 0.3 V and
silicium 0.6 V), no current is drawn at all. Above this threshold, the collector
current IC rapidly grows with rising UBE . The transistor runs into saturation
beyond a maximal current IC , and increases of UBE have no effect anymore.
It is apparent that very weak variations of UBE (and consequently the current
IB flowing through the base) cause strong variations of IC (see schematics on
Figure 9.12 [42]).

Figure 9.29:

A vintage germanium transistor of the 1960s.

Challenges
Challenge 1: Speed-Regulated Motor.
The pulse width modulation (PWM), as explained in Exercise 2, demonstrates visible
and audible motor jerks. This undesirable effect is normal for PWM-controlled motors
and depends largely on the frequency of the control signal (see Figure 9.30). The
reason for this is a combination of the electronic characteristics of the motor inductor,
the inertia of the rotor, the friction, and the load—all of which influence the time that
the motor needs to speed up and slow down [43]. As the signal frequency grows, the
impact of these influences diminishes, and the amplitude of the ripple decreases.
The NXT firmware manages to produce a PWM signal of 128 μs period time,
which corresponds to a frequency of 7800 Hz (still in the audible range) and explains
the whistling that can sometimes be heard when driving a motor [44]. The relatively
high frequency reduces the ripple almost to zero. However, this is only one feature
of the interesting set of NXT-motor control functions. Other functionalities are the
linear response of the power levels, the possibility of maintaining the constant speed
almost independently of the load, PID control, and synchronization of two motors,
for instance.
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Figure 9.30: A motor is driven by a PWM signal with period time of 200 ms and a 33 percent
duty cycle. The speed shows a considerable amount of ripple.

Additional Challenges:
• Can you study the relationship between the NXT power levels and the motor
speed with different loads?
• Can you design an NXT program that regulates the speed of a motor under
dynamically variable load by adjusting the motor power? Use the derivative of
the measured rotation-sensor pulses as described in Chapter 2, Exercise 2 and
the Vernier force sensor for the observation of the torque. Can you log the speed
values, the motor power, and the torque?

Challenge 2: Characteristic Curve of a Transistor [45].
Can you rebuild the electronic set-up obeying the schematics shown in Figure 9.31?
Use the NXT-legacy cable connectors and alligator clips. Observe the polarity! We

Figure 9.31:

Schematics for this experiment.
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Test set-up using alligator clips.

need to wire the common ground only once to the NXT, leaving one end of the Port2
cable unwired (see Figure 9.32). Start with a resistor R1 value of 1 M. Then program
the NXT to log both sensor ports configured as Custom Raw. When running the
program, you should slowly turn the motor shaft in the positive direction at variable
speeds. Upload the data to your desktop computer and draw them as functions of
time. Then plot both measured voltages against each other using the LabVIEW xy
graph. You will get the characteristic curve of your transistor with the lower and
upper thresholds (see Figure 9.33). If the motor does not turn, the current through the
XY Graph
5
4,5
4

UCE [V]

3,5
3
2,5
2
1,5
1
0,5
0
0
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2

3

4

5

UBE [V]
Figure 9.33: Typical characteristic curve of a Silicium transistor, (R1 = 330 k), which was
determined by experimentally plotting the input voltage UBE against the output voltage UCE .
The transistor conducts only above the base voltage of 0.6 V.
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transistor IC will be zero, and the measured voltage UCE equals 5 V, corresponding to
the raw value of 1023. The transistor has a high resistance now. It will start working
only if the generated voltage UBE exceeds the threshold of 0.6 V (Si) or 0.3 V (Ge). If
the motor turns very slowly, small changes in the motor voltage will produce large
changes in the transistor output voltage UCE . The signal is amplified. Rapid rotations
will saturate the semiconductor, and the UCE will not decrease any longer. IC will be
maximal then, because the resistance of the transistor is almost zero.

Additional Challenge:
• Repeat the experiment with smaller values of R1. What do you observe?

Challenge 3: Braitenberg Vehicles 2 & 3.
Cauchy corresponds to Braitenberg Vehicle 3 (Figure 9.16a). Program the NXT robot to
also deploy the functionalities of Vehicles 2 (Figures 9.15a and b) and 3 (Figure 9.16b).
Can you data-log the light-sensor values against the rotation-sensor values? Deduce
the motor speeds by derivation and evaluate the relation between the light-sensor
values and the respective speeds.

Challenge 4: Data-Logging with Braitenberg and
Helmholtz.
Can you repeat the data-logging experiments for the robot configurations Braitenberg
and Helmholtz? How about the linearity between the sonar values and Braitenberg’s
speed? What do you observe with Helmholtz if the light source is not placed on the
robot’s path? Can you plot the light sensor values as a function of time?

Challenge 5: Newton’s Inverse-Square Law.
Sir Isaac Newton not only fought a long dispute with Gottfried Leipnitz over who
first discovered calculus, he also fought to be credited with other minor developments,
such as the inverse square Law, which was claimed by English Robert Hooke (1635–
1703). The law states that physical quantities are inversely proportional to the square
of the distance from the source of the physical event generating the quantities. Figure 9.34 shows the flux lines of such quantities—more specifically light irradiation—as
they propagate on the surface of a growing sphere. The same flux lines traverse larger
surfaces whose areas are proportional to the radius r of the sphere. Hence the intensity of the quantity decreases in inverse proportion to the square of the radius, since
the area A of a sphere has been determined by Archimedes [46] as
A = 4 · π · r2
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Figure 9.34: The light radiation that emanates from a source propagates over a sphere with a
growing radius. Since the surface is proportional to the radius, the same radiation beams or ﬂux
lines spread over a larger surface, as the radius increases.

Additional Challenge:
• Can you verify the inverse-square law using a light source and the LEGO light
sensor? Place the sensor at different known distances from the source and note
the sensor values. How about the linearity of the light sensor response?

Challenge 6: Convergence of a Sequence.
One of Cauchy’s greatest achievements has been the description of the convergence
of a special category of sequences that, roughly said, is reached by oscillation around
the limit of the sequence with decreasing amplitudes. Cauchy also seminally contributed to the formulation of strong criteria proving or disproving the convergence
of a numerical sequence. From his seminal work, countless theorems and corollaries
have been deduced, simplifying the evaluation of a sequence.26 For instance, the
convergence of a sequence is given, if one can prove that the sequence is bounded27
and that it is monotonously increasing or decreasing.28
Solved Challenge:
• Prove that the recursive sequence of Heron’s square root algorithm converges.
26An excellent tutorial may be found at http://www.mathcs.org/analysis/reals/numseq/
sequence.html.
27A bounded sequence limits all its members into a certain finite interval. If the sequence is bounded
below, all members are greater than a finite value.
28A monotone sequence keeps a certain order for all its members. In a monotone increasing sequence,
any member is greater than its predecessor.

i

i
i

i

i

i
“BOOK” — 2012/7/18 — 12:27 — page 287 — #305

i

Chapter 9

i

287

Bugs
(See Challenge 2 in Chapter 5 “Programmers.”)

1
A
xi+1 = · xi +
, A > 0,
2
xi

x0 > 0

First, we must distinguish two possibilities.
1. x02 = A, trivial case. Any following member equals x0 .
2. x02  = A
Compare the square of the second member x12 with A. Hence, we check the sign
of the difference:
 = x12 − A


A 2
1 2
· x0 +
−A
=
2
x0

1
A 2
= · x0 −
> 0 !!!
4
x0

=

1 2 1
1 A2
x0 + A + · 2 − A
4
2
4 x0

=⇒ x12 > A ⇔ x1 >

√
A

This means that for any i > 0, the sequence is bounded
√ below by the square root
of A. Even if the sequence starts with a value below A, any following member
is greater than this bound:
i > 0 ⇒ xi >

√
A

The sequence can be rewritten to
xi+1

1
= ·
2



xi2 + A
xi



For any i > 0, we have A − xi2 < 0.
Now evaluate d = xi+1 − xi :
1
d= ·
2



xi2 + A
xi


− xi




xi2 + A 2 · xi2
−
xi
xi


A − xi2
1
= ·
<0 !
2
xi

1
= ·
2

The sequence is monotone decreasing, which closes the proof that Heron’s sequence is converging.
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Figure 9.35: Heron’s sequence for the calculation of the square root of 2. No matter how the
sequence is started, the second and any further member are greater than the searched square
root.

Additional Challenge:
• Can you prove the convergence of the sequence defined with
xi+1 =

(xi + a) · b
,
xi + a + b

where a, b and xi are strictly positive values? Can you determine the limit of
the sequence?

Challenge 7 (Grand Challenge): Cyclops.
The Cyclops were monstrous giants of Greek mythology possessed with only a single
eye in the middle of their foreheads. Cyclops were said to have built the gargantuan
masonry of Mycenae. However, contrasting with the tradition of cyclopean gigantism,
the term Cyclops also designates a genus of minuscule invertebrates, crustaceans that
are related to crabs and shrimps and live in freshwater. Cyclops were discovered and
named by the Danish zoologist Otto Friedrich Müller (1730–1784). Cyclops are very
small omnivores, about 2–3 mm long, with one black or red eye in the middle of the
head. Interestingly in the context of this chapter, they are able to apply polarotaxis,
reactive movements responding to the perception of polarized light, which allows the
small animals to navigate [48]. This fact is intriguing, since we are used to thinking
that two eyes are necessary to discriminate accurate directional information from
the perceived environment. We already talked about the geotaxis and magnetotaxis
deployed by the honeybee. Both faculties involve senses that do not appear as pairs
but as unique organs. The strategy that the insects must apply is to move their bodies,
either by rotation or translation, in order to reach a different position in space, to be
able to compare the new perception with the old one, and eventually to decide about
the consequent action.
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Additional Challenges:
• Can you build a reactive Cyclops robot with three degrees of freedom in both
orthogonal directions of the plane and in orientation and equipped with a single
light sensor that is capable of phototaxis? Think of rotating the robot about its
central axis in order to get the required differences in light intensity. Alternatively, you may add a motor that turns the light sensor in order to sweep the
range in front of the robot.
• Can you create a comparable reactive robot that localizes a sound source with
one NXT sound sensor?
• Can you design a reactive robot equipped with the Mindsensors NXTCam3 (Vision
subsystem v3) that directly reacts on the position of a detected object? This
challenge is similar to Challenge 4 in Chapter 7, but it insists on the reactive
control.
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